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Abstract—This paper reports the performance of Block 
Diagonalization (BD) scheme for different array antenna 
structures used in a multiuser Multiple Input Multiple Output 
(MIMO) system. The assessment is performed in terms of sum 
rate capacity. Theoretical analysis as well as computer 
simulations shows that the spatial correlation downgrades 
downlink performance of BD. The simulations also reveal that 
the system equipped with Uniform Circular Array (UCA) has a 
better performance than the one employing Uniform Linear 
Array (ULA).   
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I.  INTRODUCTION  
Recently, the research on MIMO systems is shifting from 
point-to-point to multiuser MIMO systems [1]. Information 
theory shows that sum rate capacity for multiuser MIMO 
systems can be achieved by dirty paper coding (DPC)[2][3]. 
However, its complexity makes the implementation in a real 
system unpractical. People are searching the suboptimal 
techniques for multiuser MIMO systems. One of the most 
favorite downlink broadcasting techniques is block 
diagonalizaiton (BD) [4] [5]. BD exploits the spatial features of 
the multiuser MIMO system’s channel state information (CSI), 
zero-forces the co-channel interference (CCI) by assigning 
different mobile stations (MSs) orthogonal beam-forming 
weights. With BD, each MS’s beam-forming weights lie in the 
null space of all other MSs’ channels. It equals to assign 
orthogonal effective MIMO channels to different MSs. BD has 
under constant study. However, most of the work done in 
regards to BD techniques does not take account the antenna 
array structure’s effects on the system’s performance in terms 
of sum rate capacity. The performance of a downlink multiuser 
MIMO system equipped with compact uniform linear arrays 
(ULA) was investigated in [6], in where the simulations results 
show that the existence of spatial correlations incurs a negative 
impact on the sum rate capacity. In this letter, we attempt to 
show the theory analysis on how the spatial correlations impact 
the system’s performance in terms of sum rate capacity. Also, 
the performance comparisons for BD with uniform circular 
array (UCA) and ULA is presented.    
 The structure of this letter is as follows. In section II, the 
system and channel models are introduced. In Section III, 
block diagonalization with ULA and UCA is presented, also 
the theory analysis on how the spatial correlations impact the 
system’s performance is introduces. While section IV provides 
some numerical results to demonstrate the performance in 
terms of sum rate capacity and we finally conclude this work in 
section V.  
II. SIGNAL MODEL 
A. Downlink Multiuser MIMO system model 
We consider a multiuser MIMO system that consists of 
multiple antennas base station and mobile users. In this letter, 
we mainly focus on the downlink situation, in which the base 
station is considered as transmitter and mobile users are 
receivers. It is postulated that it is created around a base station 
(BS) with L downlink mobile users. The base station includes 
N transmitting antennas. At time t, K mobile stations (MS) 
from L available users are scheduled to be serviced by BS. The 
kth mobile station (MS) employs Mk antennas. The transmitted 
signal intended for the kth mobile station is denoted by a Qk×1 
dimensional vector xk which is weighted by a N×Qk pre-
processing matrix Wk before transmission. Qk is the number of 
parallel data symbols transmitted simultaneously to the kth MS.  
The MIMO channel between the BS the kth MS is described by 
the complex matrix Hk, whose (i,j)th entries represent the 
complex gain between the jth transmit antenna at BS and ith 
antenna at kth MS. It is assumed that different MS experience 
independent fading. The received signal at kth MS can be 
presented by  
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where trace(EkE†k) = pk is the power transmitted to the kth MS. 
nk is the additive Gaussian white noise (AWGN) vector, 
whose elements are independent identical distribution (i.i.d.) 
zero-mean circularly symmetric complex Gaussian random 
variables with variance σn2 .   
B. Channel Model 
The channel matrix Hk describing the channel properties 
between BS and the kth MS is influence by the transmitting and 
receiving antenna array configurations and a signal propagation 
environment. It is assumed that the links between BS and 
different MSs do not share the same scattering environment. 
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This assumption confirms the earlier assumed independent 
signal fading for different MSs. For each link, the Kronecker 
channel model [11] is assumed. In this model, the correlations 
at transmitter and receiver sides are independent and the 
channel matrix Hk is represented as 
( ) ( )1/2 1/2k kk MS BS= HH R G R                      (2) 
where GH is a matrix with i.i.d. Gaussian entries with zero 
mean and unit variance and RkMS and RBS are spatial correlation 
matrices at the kth MS and BS, respectively.  
III. BLOCK DIAGONALIZATION WITH UCA AND ULA 
In this section, we first present the block diagonalization 
scheme with spatial correlation taken into account. Next, we 
present the analysis of the effect of spatial correlation on sum 
rate capacity. Finally, we show the calculation of the spatial 
correlation for the downlink multiuser MIMO system 
employing uniform circular array and uniform linear array.  
A. Blcok diagonalization with spatial correlations 
We assume at time t, K mobile stations from L available 
users are scheduled to be serviced by base station. To ensure 
the sufficient freedom for BS to perform BD over the K 
scheduled MSs, it is assumed that  
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With spatial correlation taken into account, the received 
signal at kth MS described by (1) can be rewritten as 
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To eliminate the co-channel interference (CCI) from 
desired signal for the kth MS, the key idea in the block 
diagonalization is to zero-force the interference by imposing 
the following condition 
 ( ) ( )1/2 1/2 ( ,1 , )k kMS BS j j k k j K= ≠ ≤ ≤HR G R W 0       (5)                                                
In order to transmit a signal only to the desired MS while 
steering nulls to the remaining MSs, the beamforming matrix 
for the desired MS should be orthogonal to the space spanned 
by the channel matrices of the undesired MSs. We define the 
channel matrix as  
1 1 1[ , , , , ]
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Performing the eigenvalue decomposition (EVD) over the 
N×N non-negative Hermitian Matrix, one obtains 
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where (•) † denotes the conjugate transpose operation. It can be 
seen that Vk is a matrix with the dimension of N×Mk. Its 
columns correspond to those zero eigenvalues.  By letting 
Wk = Vk, a perfect null steering to all the undesired K-1 MSs 
can be achieved. By repeating the steps represented by 
expressions (6) and (7), all the K beamforming matrices can be 
obtained.   
B. Effect of spatial correlations 
The multiuser MIMO downlink system is decomposed into 
K independent single-user MIMO systems by employing the 
method of block diagonalization. As a result, the sum rate 
capacity can be expressed as   
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where kxxR  is the k
th MS’s input covariance matrix. We assume 
that the signal intended for the kth MS is a Gaussian signal. 
Then the capacity for the kth MS’s is given as 
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For high SNRs, the capacity between BS and the kth MS 
can be simplified and given by  
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 We can see from expression (10) that there are three terms 
contributing to the capacity. The first term represents the 
broadcasting capacity for the kth MS without the effect of 
spatial correlations at BS and MS (i.e. capacity for Gaussian 
channel). The second and third terms represent the effect 
spatial correlation at kth MS and BS.  Because the determinants 
of the spatial matrices are always equal or less than one, the 
spatial correlation always brings a negative effect on the sum 
rate. 
C. Caculations of spatial correlations 
As aforementioned, the spatial correlation always brings a 
negative effect on the sum rate of the downlink multiuser 
MIMO system.  Also, it can be expected that difference 
configurations of antenna arrays will result in different spatial 
correlations of transmitted and received signals. As a result, the 
channel properties between the BS and MSs could be different. 
In the previous sections, we have presented the analysis on the 
influences of the spatial correlation on the sum rate capacity. In 
this section, we will present the calculation of the spatial 
correlation for different array configurations. We select 
uniform linear array and uniform circular array as the objects. 
However, it is worthwhile noticing that we can reach similar 
conclusions by reasoning the similarity between UCA and 
other alike structures such as triangular, square, pentagonal or 
hexagonal arrays. 
Figure 1 demonstrates the model under considered, where 
the MSs are surrounded by uniformly distributed scatterers and 
BS equipped with ULA or UCA is located high above ground 
where there are no scattering objects. All the antenna elements 
at BS and MS have an omnidirectional radiation pattern in the 
azimuth plane. The θk is the central Angle of Departure 
(AoD), we assume that θk follows the Laplacian distribution. 
For the case of ULA, the real component of spatial 
correlation parameter between the mth and nth elements is 
given as [7] 
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Similarly, for the case of UCA, the real component of 
spatial correlation parameter between the mth and nth 
elements is given as [8] 
( ) ( )
( ) ( ) ( )
, 0
2
22 2
1
Re
2 cos 2
4
m n c
a
k c
k
R J Z
a a e
J Z k
a k
π
θ α
−
∞
=
= +
−
+⎡ ⎤⎣ ⎦+∑
(13) 
( ) ( )
( ) ( )
2
, 2 2
1
2 1
Im 4
(2 1)
sin 2 1 ( )
a
m n l
k
k c
a a e
R C
a k
J Z k
π
θ α
−
∞
=
+
+
=
+ +
× + +⎡ ⎤⎣ ⎦
∑              (14) 
 
θ
Base Station
A. UCA
B. ULA
θ
Base Station
 
Figure 1.  Signal model of a downlink MIMO multiuser system. 
In the expressions (11)-(14), a is the decay factor related to 
the angle spread, specifically, as a increases, the angle spread 
decreases. It also decides the normalizing constant [9] 
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 Jn(∗) represents the nth order Bessel function of the first 
kind. α is the relative angle between the mth and nth elements in 
a UCA. Let φm and φn represent the angle of the the mth and nth 
elements in a azimuthal plane, then we have 
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 Zl and Zc are related to the antenna spacing, they can be 
expressed as 
2
l
dZ m nπλ= −                              (17) 
( )( )2 2 2 cosc m nRZ π ϕ ϕλ= − −             (18)                            
IV. NUMERICAL RESULTS 
Monte Carlo simulations are performed to investigate the 
performance of BD with ULA and UCA. Assume that the MSs 
are evenly distributed in the azimuth plane. They have the 
same number of antennas M. Due to the scattering environment 
around MSs, the spatial correlations at MS is very small. Then 
the systems under investigations are referred to as K× (M×N). 
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Figure 2.  Sum rate capacity for BD with UCA and ULA( a = 2). 
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Figure 3.  Sum rate capacity Vs decay factor for BD with UCA and ULA. 
Figure 2 presents the sum rate capacity performance for 
different system configurations. First, we can see that the 
existence of spatial correlations result in a lower sum rate 
capacity, which confirmed the theory analysis in the previous 
section. Second, when K = 2, the DoAs for the two users are 
300 and 600, it is shown that the systems with UCA and ULA 
achieve almost the same sum rate capacity. While when K=4, 
the DoAs for the four users are 180, 360, 540 and 720, we can 
see the systems equipped with UCA outperforms its 
counterpart equipped with ULA.   We can conclude that UCA 
is a preferred antenna structure to ULA for downlink multiuser 
MIMO system with BD broadcasting scheme.  
Figure 3 studies performance of ULA and UCA in regards 
to the decay factors, which is related to the angle spread. When 
a increases, the angle spread decreases. Thus, an increased a 
will result in an increased spatial correlations over the 
neighboring antennas. Simulations were performed over the 2× 
(4×8) systems. We can see that as a increases, the sum rate 
capacity decreases for both ULA and UCA as expected. The 
plots for ULA and UCA start from the same point. However 
ULA plot is undergoing an obviously much more steep 
decrease than the UCA’s plot, which indicates that ULA is 
much more sensitive to the variance of a than UCA. From this 
point, we can say the UCA is a preferred antenna array 
structure to ULA. 
V. CONCLUSIONS 
In this letter, we studied the performance of BD with 
different array structures in term of sum rate capacity. Theory 
analysis shows that the spatial correlations will result a poor 
downlink broadcasting performance for BD. Simulations 
results confirmed this prediction. The simulations also revealed 
that the system equipped with UCA has a better performance 
than the system equipped with ULA does, and ULA is much 
more sensitive to the variance of a than UCA. Based on the 
observations, we can conclude that UCA is a preferred antenna 
array structure to ULA.     
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